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次贷危机产生原因CDS

客户

银行资产30亿

融资900亿

5%利润=45亿

保险公司=5亿

每年5000万，10年
100家=500亿

200亿买给c 



Introduction
Introduction
Introduction
Main Question
Introduction
Introduction
Introduction
Introduction
Main Question
Reports
Introduction

Introduction
Introduction
Main Question

Main Question
Main Question

Home Page

Title Page

JJ II

J I

Page 7 of 52

Go Back

Full Screen

Close

Quit
•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

3. yyy���777KKK���ØØØ%%%¯̄̄KKK
?7K½|:Å !�¦!Ï�!û)¬§�x!|Ç!®Ç"

? 7K¯KA:: D"]
?1ª�Ï©�§��]
ÚÜn��Ú|^
ü�ØÓ��µy3Ú�5§Ø(½§£�m,Ø(½¤"

? 7KEâ�Ø%¯K:��¥%ü�Ä�:
ºxÝþ!]�½d!(þz)Ý]|Ü(Portfolio).

?nØµ

n5ýÏ(Markowitz-Lucas–Sargent) infxE[(Xt+1 − x)2|Ft], x = EP [Xt+1|Ft]
½|k�(Fama–Samuelson)
Ý]|ÜnØ(Markowitz)£52-59¤1�g7K�·"
]�½dnØ(Black-Scholes)£69-73)1�g7K�·

? ºxÝþ(risk measure)óä: VÇÚO"
VÇ§êÆÏ"§Õá§��©Ù"

A:µ�­E,�Å5. (Ø(½5, Uncertainty, ambiguity )

7KnØ¢�+Eâ⇒7Kû)�¬⇒J[7K

? 7KêÆÒ´lØ(½¥é(½
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4. ]]]���½½½dddnnnØØØ

THEOREM 1 (Black-Scholes, 1973:) 3��½|¥§�3�����neutralV

ÇÿÝP ,¦�3��T§�½�Ãξ�d��EP [ξe−rT ].Ù¥r´Å �|Ç.

?²;êÆÏ"← Black-Scholes→��½|

?O�µ �©§§Monte Carlo"

�ê½nµlimn→∞
1
n

∑n
i=1Xi = EPX1§Ý]|ÜO�"

?½|Ø��, PØ��

��d�maxP∈PEP [ξ]

��d�minP∈PEP [ξ].��5êÆÏ""

XÛO�ºÝ]|Ü?

?¯KµVÇØ½y�êÆ´Ø´�±éÐ/^3Ø��½|�½d¯K?

*:µy�êÆ®ØU÷v7KuÐ�I�"
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概率由线性到非线性是发展的必然

完备市场定价

期货---期权

概率论

数学期望
数理统计

数学： 鞅论、 随机分析、随机学
经济：理性预期 Lucas、Arrow   
金融：资产定价 Black-Scholes
物理 、生物

衍生产品
不完备市场 非线性期望 ？非线性概率？

行为经济：非理性预期
行为金融：非线资产定价

保险业+ 赌资

债券—股票

数学期望
概率论

数理统计
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研究成果的意义

非
线
性
数
学
期
望

非线概率论

统计学
随机计算

非线性随机分析

Lucas 理性预期

Kahneman
非理性预期

行为经济学

Black-Sholes

不完备市场非线性
定价理论

行为金融学
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5.1. Black-ScholesnnnØØØµµµXXXÛÛÛuuuÐÐÐººº

? þzÝ]I�éÝ]ö©aµU�ºx§��ºx§���¯(ºx¥

5¤"

��d�E[ξ] := maxP∈P EP [ξ]§��d�E [ξ] := minP∈P EP [ξ].

��VÇV (A) := maxP∈P P (A),��VÇv(A) := minP∈P P (A)

?y3êÆ£VÇØ¤ØU÷v7KuÐ�I�§7L�â7K�I�M#

�êÆnØÚ�{"

XÛuÐVÇÚOº��5VÇÚOº
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6. VVVÇÇÇØØØ{{{¤¤¤£££���

(1) 300c±5§VÇÚOé�¬Ú�ÆuÐ��^"Bernoulli,

(2) Bernoulli (1713): Ars congjectandi: Golden theorem, Bernoulli�., Aleatory(

Ì**VÇ¤ÚEpistemic(�*VÇ¤

(4) Keynes (1920): A treatise on probability.

(3) Kolmogorov (1933): Foundations of the theory of probability. Modern version

/From Bernoulli to Borel, some big names in the history of the LLN did

not believe that probabilities should necessarily satisfy the additivity property

A
⋂
B = ∅ ⇒ P (A

⋃
B) = P (A) + P (B). Jakob Bernoulli espoused these

ideas in the same book where he presented the embryo of the LLN. In an ironic

twist, Kolmogorov proved his modern version of the LLN in his book, whose

enormous influence effaced the notion of non-additivity from mainstream prob-

ability,.....,mathematical finance makes a recent visibility peak of this otherwise

underground trend £Pedro Teran, 2011)
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7. VVVÇÇÇÚÚÚOOO���{{{ÐÐÐ£££ÁÁÁ

(1)�{�5�µ�5,�­E5

VÇÏ"Ü�⇐

 P (A + B) = P (A) + P (B)⇔ E[ξ + η] = E[ξ] + E[η]

©Ù¼ê⇔A�¼ê,Levy

(3)��¦VgµÕáVg

(3�n�G�µ��©Ù, ϕ(x) = 1√
2π
e−

x2

2

(4)�{ü�.µBernoulliµ⇒�ê§¥%4�Ú­éêÆ

(5)Ì*�*Ú�µP (A) = lim
n→∞

1
n

∑n
i=1Xi-f�.µù¥+ç¥=100"

{
1

n

n∑
i=1

Xi(ω)

}
ω∈Ω

→ PR, n→∞

Uncertainty disappears when there are a lager number of observations. �XÁ�g

ê�ÅÚO\§Ø(½5ìì��§ùÒ´�*VÇ"
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7.1. ¥¥¥%%%444���½½½nnn!!!���êêê½½½nnn!!!­­­éééêêêÇÇÇ

In probability theory, the most familiar and elementary model is Bernoulli trials.

Assumption: {Xi} IID , Sn :=
∑n

i=1Xi, EX1 = 0, EX2
1 = σ2 Then

Theorem 1: Lindeberg: Mean Zero,

P

(
Sn√
n
< x

)
→ Φ(x/σ)

Theorem 2: Kolmogorov: µ := EX1

P

(
lim
n→∞

Sn
n

= µ

)
= 1, lim

n→∞
P

(∣∣∣∣Snn − µ
∣∣∣∣ < ε

)
= 1

Theorem 3: Hartman–Wintner(1941): If Mean zero, EX1 = 0, EX2
1 = σ2, Then

P

(
lim sup
n→∞

Sn√
2n log log n

= σ

)
= 1.
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8. ~~~1µµµØØØ(((½½½���õõõ---fff���...£££ambiguity¤¤¤���777KKK

Binomial model:

? n− Urns

?ù +ç = Ni, i = 1, 2, · · ·n

?ù ∈ [Ni
3 ,

Ni
2 ]

z�-f���Xi =

0 ù

1 ç

lim
n→∞

Sn
n

=?, lim
n→∞

Sn√
n

=?, lim
n→∞

Sn√
2n log log n

=?

�&-f´�Ó£identical¤½�q£indistinguishable¤ºÕág,¤á"

identical⇒ limn→∞
Sn
n = PR.

Unfortunately, there is no reason to be confident that those urns are identical as if the

balls were repeatedly drawn from the same urn.



Introduction
Introduction
Introduction
Main Question
Introduction
Introduction
Introduction
Introduction
Main Question
Reports
Introduction

Introduction
Introduction
Main Question

Main Question
Main Question

Home Page

Title Page

JJ II

J I

Page 18 of 52

Go Back

Full Screen

Close

Quit
•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

9. ~~~2µµµêêêØØØ¥¥¥������¯̄̄KKK§§§Trinomial model

?�Ä�?�Ä ê´1��ên�¤�8Üµ

A :=

∞⋃
k=0

{
n : 10k ≤ n < 2 · 10k

}

Xi =


1 XJÄ ´óê, 2!4!6!8;

0 Ä ´1¶

−1 Ä ´Ûê, 3!5!7!9.

êØ®yµP (A) ∈ [1
9,

5
9].

lim
n→∞

∑n
i=1Xi

n
=?, lim

n→∞

∑n
i=1Xi√
n

=?, lim
n→∞

∑n
i=1Xi√

2n log log n
=?
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10. ���{{{üüü������555VVVÇÇÇ���ÏÏÏ"""

(1) Capacity: (v, V ), where

v(A) = inf
Q∈P

Q(A), V (A) = sup
Q∈P

Q(A).

(2) Lower-upper expectation: E [ξ] and E[ξ]

E [ξ] = inf
Q∈P

EQ[ξ], E[ξ] = sup
Q∈P

EQ[ξ]
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11. Ellsberg-type Binomial models

THEOREM 2 In Ellsberg-type model, let {Xi}ni=1 be defined above such that µ :=

E[Xi] and µ := E [Xi]. Set Sn :=
∑n

i=1Xi.

(I) Let v(A) = inf
Q∈P

Q(A), ∀A ∈ F , then for any ε > 0,

lim
n→∞

v

(
µ− ε ≤ Sn

n
≤ µ + ε

)
= 1.

(II) For any ϕ ∈ Cb(R), then

lim
n→∞

E
[
ϕ

(
Sn
n

)]
= sup

µ≤x≤µ
ϕ(x).

(III) Moreover, I⇔ II.

(IV) Iff E [X1] = E[X1] that

v

(
lim
n→∞

Sn
n

= E [X1]

)
= 1.

This theorem implies that if E [X1] 6= E[X1], then limn→∞
Sn
n does not exists.
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12. CLT forêêêØØØ���.../Ellsberg-type models

? Upper expectation E, {Xi} Ellsberg-type random variables.

E[X1] = E [X1] = 0. Variance E[X2
1 ] = σ2, E [X2

1 ] = σ2.

V (A) := E[IA], v(A) = 1− V (Ac).

Then

? Our result:

V

(
Sn√
n
< y

)
→ Φ(

y

σ
)I(y>0) + Φ(

y

σ
)I(y≤0)

v

(
Sn√
n
< y

)
→ Φ

(y
σ

)
I(y>0) + Φ

(
y

σ

)
I(y≤0)

where Sn :=
∑n

i=1Xi, Variance Uncertainty.
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13. Distribution of Ellsberg-type random variables

Let M := max
{

Φ
(
b
σ

)
− Φ

(
a
σ

)
,Φ
(
b
σ

)
− Φ

(
a
σ

)}
.

(I) If b ≥ a > 0,

M ≤ lim
n→∞

V

(
a ≤ Sn√

n
< b

)
≤ Φ

(
b

σ

)
− Φ

(a
σ

)
(II) If 0 ≥ b ≥ a,

M ≤ lim
n→∞

V

(
a ≤ Sn√

n
< b

)
≤ Φ

(
b

σ

)
− Φ

(
a

σ

)
(III) If b ≥ 0 ≥ a,

lim
n→∞

V

(
a ≤ Sn√

n
< b

)
= Φ

(
b

σ

)
− Φ

(
a

σ

)
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14. (((JJJ¤¤¤333

The characteristic function is indispensable for the study of general limit theorems.

Such a tool does not work in the nonlinear case.

? Bernolli proved for special case: Binomial distribution.

? Lindeberg: Semi-group, Stein method to prove CLT.

? Levy: Characteristic function: LLN and CLT.

? Peng:PDE

Is there any method to prove LLN without Characteristic function even in prob-

ability theory?
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14.1. Remark on Bernoulli-type and Ellsberg-type
? Bernuolli-type:

Let Sn be the total number of red balls drawn in n-experiments{
Sn(ω)

n

}
ω∈Ω

→ PR, n→∞

Uncertainty disappears when there are a lager number of observations.

? Ellsberg-type: {
Sn(ω)

n

}
ω∈Ω

→
[

1

3
,

1

2

]
, n→∞

Althoug Knightian uncertainty does not disappear even there are a large number

of observations, but uncertainty can be decreased. That is ambiguity.
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XXXÛÛÛlll���;;;VVV...���yyy���uuuÐÐÐ(((JJJ

(1)Choquet expectations (Choquet 1953, physics )

CV [X ] :=

∫ ∞
0

V (X ≥ t)dt +

∫ 0

−∞
[V (X ≥ t)− 1]dt.

(2)g-expectation(Peng 1997): Eg[ϕ(ξ)] := y0

yt = ϕ(ξ) +

∫ T

t

g(ys, zs, s)ds−
∫ T

t

zsdBs

(3) Sub-linear expectation Delbean�£1999¤§Peng£2007¤�.

(a)Monotonicity: X ≥ Y implies E[X ] ≥ E[Y ].

(b)Constant preserving: E[c] = c, ∀c ∈ R.

(c)Sub-additivity: E[X + Y ] ≤ E[X ] + E[Y ].

(d)Positive homogeneity: E[λX ] = λE[X ],∀λ ≥ 0.

V (A) := E[IA] and v(A) := 1− V (Ac).

(4)ØU^A�¼ê§XÛÚ?Õáº
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15. yyyGGG

Keynes (1921) constructs a theory of imprecise probability. Many researchers in

mathematical finance and robust statistics were attracted to the frequentist proper-

ties of random variables under non-additive (lower and upper) probabilities. Con-

sequently, various generalizations of LLN for non-additive probabilities have been

established by two groups of researchers.

(1) ��5VÇ|: people tend to approach the frequentist properties under non-

additive (imprecise) probabilities.

Dow and Werlang (1994), Walley and Fine(1982), Cooman and Miranda(2008),

Epstein and Schneider(2003), Maccheroni and Marinacci(1999) , Chen, Wu and

Li(2013), Tern(2014).

(2)��5Ï"|: people tend to investigate the frequentist properties under sub-

linear(lower and upper) expectations.

Peng (2007).
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16. Independence

Linear: Independence of events A and B independent P (A/B) = P (A), ÕáO

þ§7K¥§8U�Õá²U§�²UAT�68U"

Nonlinear case:

? Marinacci’s preindependent (2005): V (AB) = V (A)V (B).

? Puhalskii independent(2001): v(AB) = v(A)v(B).

? Epstein orthogonal independence: E[g(ξ)f (η) = E[g(ξ)E[f (η)]. f and g�K"

±þ½ÂÌ�·ÜChoquet-Ï".

Peng’s independenceµA random variable X ∈ H is said to be independent of Y

under E, if for each ϕ such that ϕ(X, Y ) ∈ H and ϕ(x, Y ) ∈ H for each y ∈ R

E[ϕ(X, Y )] = E[ϕ(Y )],

where ϕ(x) := E[ϕ(x, Y )]. Marginal expectation.
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17. LLN and CLT for sub-linear expectations

? Maximum distribution :

THEOREM 3 (Peng 2007,2008) {Xi}∞i=1 IID random variables, µ :=

E[X1], µ := E [X1]. Then for any continuous and linear growth function φ,

E

[
φ

(
1

n

n∑
i=1

Xi

)]
→ sup

µ≤x≤µ
φ(x), as n→∞.

? CLT :

THEOREM 4 (Peng 2006, 2008) {Xn} IID, zero means E[X1] = E[−X1] = 0,

finite variance E[X2
1 ] = σ2, −E[−X2

1 ] = σ2, Then,

E[φ(Sn/
√
n)]→ E[φ(ξ)]

where ξ is G-normal under E[·]. Method: PDE.
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18. Convolution and independence

Both convolution and independence are important concepts in the development of

probability theory.

Let ξ and η be two random variables on probability space (Ω,F , P ), and EP [·] be the

expectation operator under probability P. Also let u(x) and EP [ϕ(x + η)]|x=ξ given

by

u(x) := EP [ϕ(x + η)], EP [ϕ(x + η)]
∣∣
x=ξ

:= u(ξ).

ξ and η are said to be of convolution if for any function ϕ,

EP [ϕ(ξ + η)] = EP

[
EP [ϕ(x + η)]

∣∣
x=ξ

]
.

Because of the linearity of linear expectation, Fubini theorem implies that the order

of integrations is exchangeable.Thus

EP [ϕ(ξ + η)] = EP

[
EP [ϕ(x + η)]

∣∣
x=ξ

]
(1)

= EP

[
EP [ϕ(ξ + y)]

∣∣
y=η

]
.
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18.1. Convolution and Independence
Suppose thatCb(R) (C+

b (R)) is the set of all (positive) continuous and bounded func-

tions on R and C2
b (R) is the set of all continuous and bounded functions on R whose

second derivatives exist in Cb(R).

DEFINITION 1 Let X and Y be two random variables inH.

1. ϕ-Convolution: Given a function ϕ ∈ Cb(R), random variable Y is said to be ϕ-

convolution of X under sub-linear expectation E, if for all constants z, a, b ∈ R,

E[ϕ(z + aX + bY )] = E
[
E[ϕ(x + bY )]

∣∣
x=z+aX

]
.

2. Common first moment: Random variables X and Y are said to be of finite

common first moment, if E[|X|] <∞ and E[|Y |] <∞ such that

E [ϕ(X)] = E [ϕ(Y )], E[ϕ(X)] = E[ϕ(Y )], when ϕ(x) = x or |x|.

3. ϕ-Convolutionary sequence: Given ϕ ∈ Cb(R), a sequence {Xi}∞i=1 in H is

said to be of ϕ-convolution, if Xi+1 is ϕ-convolutionary of
i∑

j=1

Xj for any i =

1, 2, · · · .
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19. Main results-1

THEOREM 5 LLNs: Let E be a sub-linear expectation and E be its conjugate expec-

tation. Assume that {Xi}∞i=1 is a sequence of random variables with finite common

first moment E[Xi] = µ and E [Xi] = µ. Set Sn := 1
n

n∑
i=1

Xi. If

lim
n→∞

1

n

n∑
i=1

E
[
|Xi|I{|Xi|>nε}

]
= 0, (2)

then

(I) For any positively bounded function ϕ ∈ C2
b (R), if {Xi}∞i=1 is a sequence of

ϕ-convolutionary random variables under E, then

lim
n→∞

E
[
ϕ

(
Sn
n

)]
= sup

µ≤x≤µ
ϕ(x),∀ϕ ∈ Cb(R) (3)

(II) If for any positively monotone function ϕ ∈ C2
b (R), {Xi}∞i=1 is a sequence of

ϕ-convolutionary random variables under E, then for any ε > 0, we have

lim
n→∞

v

(
µ− ε ≤ Sn

n
≤ µ + ε

)
= 1.
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20. Main results-2

A sufficient condition under which the maximal distribution is equivalent to a weak

law of large number for capacity.

THEOREM 6 Suppose that E is a sub-linear expectation and E is its conjugate ex-

pectation. Let {Xi}∞i=1 be a sequence of ϕ-convolution random variables for all

ϕ ∈ C+
b (R) with finite common first moment E[Xi] = µ and E [Xi] = µ such that

condition (12) holds. Set Sn :=
∑n

i=1Xi. Then, the followings are equivalent.

(I) For any ε > 0,

lim
n→∞

v

(
µ− ε ≤ Sn

n
≤ µ + ε

)
= 1.

(II) For any ϕ ∈ Cb(R),

lim
n→∞

E
[
ϕ

(
Sn
n

)]
= sup

µ≤x≤µ
ϕ(x).
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21. Main results-3

THEOREM 7 {Xi}ni=1 is of ϕ-convolution under nonlinear expectation E for all ϕ ∈
C+
b (R). Set µ := E[Xi], µ := E [Xi] and Sn :=

∑n
i=1Xi. If E[|Xi|1+α] < ∞ for

α > 0. Then

(I)

v
(
µ ≤ lim infn→∞Sn/n ≤ lim supn→∞Sn/n ≤ µ}

)
= 1.

(II)

V (lim supn→∞Sn/n = µ) = 1

V
(
lim infn→∞Sn/n = µ

)
= 1.
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22. Main results-4: SLLN without sub-linearity and
independence

THEOREM 8 Assume that {Xi} has the upper-lower Choquet integrals, i.e. E[Xi] =

µ and E [Xi] = µ for each i ≥ 1. Set Sn :=
∑n

i=1Xi.

(i) If

lim sup
n→∞

E
[
exp
(

a√
n

∑n
i=1Xi

)]
∏n

i=1 E
[
exp
(

a√
n
Xi

)] <∞, a = ±1. (4)

Then

v
(
µ ≤ lim inf

n→∞

Sn
n
≤ lim sup

n→∞

Sn
n
≤ µ

)
= 1. (5)

(ii) Iff

lim sup
n→∞

E
[
exp
(

a√
n

∑n
i=1Xi

)]
∏n

i=1 E
[
exp
(

a√
n
Xi

)] ≥ 1, a = ±1. (6)

Then, the interval [µ, µ] is the unique smallest interval such that equality (2)

holds.
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Figure 1: The interpretation of the sample mean

• Subjective interpretation

V
(

lim sup
n→∞

S n

n
= µ
)
= 1

• Objective interpretation

v
(
µ ≤ lim inf

n→∞
S n

n
≤ lim sup

n→∞

S n

n
≤ µ
)
= 1.

1
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Figure 1: limited V -p.d.f. f(y) of Sn√
n

with � = � = 0, � = 1.5, � = 1
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Figure 2: limited v-p.d.f. f(y) of Sn√
n

with � = � = 0, � = 1.5, � = 1
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23. Main Lemma

LEMMA 1 Suppose ϕ is a bounded function on R. Let {Xi}∞i=1 be a sequence of

ϕ-convolutionary random variables under a sub-linear expectation E. Then for any

constant yi ∈ R, i = 1, 2, · · · , n,

I1(n) ≤ E

[
ϕ

(
n∑
i=1

Xi

)]
− ϕ

(
n∑
i=1

yi

)
≤ I2(n), (7)

where

I1(n) :=

n∑
m=1

inf
x∈R

{
E
[
ϕ
(
x + Xn−(m−1) − ym

)]
− ϕ (x)

}
,

I2(n) :=

n∑
m=1

sup
x∈R

{
E
[
ϕ
(
x + Xn−(m−1) − ym

)]
− ϕ (x)

}
.



Introduction
Introduction
Introduction
Main Question
Introduction
Introduction
Introduction
Introduction
Main Question
Reports
Introduction

Introduction
Introduction
Main Question

Main Question
Main Question

Home Page

Title Page

JJ II

J I

Page 38 of 52

Go Back

Full Screen

Close

Quit
•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

24. Proof of Main results-1

Proof Set Sn :=
∑n

i=1Xi with S0 = 0.

E[ϕ (Sn)]− ϕ

(
n∑
i=1

yi

)
= E[ϕ (Sn)]− E[ϕ(Sn−1 + y1)]

+E[ϕ (Sn−1 + y1)]− E

[
ϕ

(
Sn−2 +

2∑
i=1

yi

)]
+ · · ·

+E

[
ϕ

(
Sn−m +

m∑
i=1

yi

)]
− E

[
ϕ

(
Sn−(m+1) +

m+1∑
i=1

yi

)]
+ · · ·

+E

[
ϕ

(
S1 +

n−1∑
i=1

yi

)]
− E

[
ϕ

(
n∑
i=1

yi

)]

=

n−1∑
m=0

{
E

[
ϕ

(
Sn−m +

m∑
i=1

yi

)]
− E

[
ϕ

(
Sn−(m+1) +

m+1∑
i=1

yi

)]}
. (8)

We now evaluate each term inside the summation.
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Let h(x) := E [ϕ(x + Xn−m)] . Then by the convolution of {Xi}ni=1,

E

[
ϕ

(
Sn−m +

m∑
i=1

yi

)]
= E

[
E[ϕ(x + Xn−m)]

∣∣
x=Sn−(m+1)+

∑m
i=1 yi

]
= E

[
h

(
Sn−(m+1) +

m∑
i=1

yi

)]
.

Then by the sub-linearity of E, we have

E

[
ϕ

(
Sn−m +

m∑
i=1

yi

)]
− E

[
ϕ

(
Sn−(m+1) +

m+1∑
i=1

yi

)]

= E

[
h

(
Sn−(m+1) +

m∑
i=1

yi

)]
− E

[
ϕ

(
Sn−(m+1) +

m∑
i=1

yi + ym+1

)]

≤ E

[
h

(
Sn−(m+1) +

m∑
i=1

yi

)
− ϕ

(
Sn−(m+1) +

m∑
i=1

yi + ym+1

)]
≤ sup

x∈R
(h(x)− ϕ (x + ym+1))

= sup
x∈R
{E [ϕ (x + Xn−m)]− ϕ (x + ym+1)} .
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Similarly, we also have

E

[
ϕ

(
Sn−m +

m∑
i=1

yi

)]
− E

[
ϕ

(
Sn−(m+1) +

m+1∑
i=1

yi

)]

= E

[
h

(
Sn−(m+1) +

m∑
i=1

yi

)]
− E

[
ϕ

(
Sn−(m+1) +

m∑
i=1

yi + ym+1

)]

≥ E

[
h

(
Sn−(m+1) +

m∑
i=1

yi

)
− ϕ

(
Sn−(m+1) +

m∑
i=1

yi + ym+1

)]
≥ inf

x∈R
(h(x)− ϕ (x + ym+1))

= inf
x∈R
{E [ϕ (x + Xn−m)]− ϕ (x + ym+1)} .

Combining the above two inequalities, we have

inf
x∈R
{E [ϕ (x + Xn−m)]− ϕ (x + ym+1)} (9)

≤ E

[
ϕ

(
Sn−m +

m∑
i=1

yi

)]
− E

[
ϕ

(
Sn−(m+1) +

m+1∑
i=1

yi

)]
(10)

≤ sup
x∈R
{E [ϕ (x + Xn−m)]− ϕ (x + ym+1)} . (11)

This with Eq.(8) implies the conclusion.
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25. Main Lemma

LEMMA 2 Let E be a sub-linear expectation and E be its conjugate expectation.

Suppose that {Xi}∞i=1 is a sequence of random variables with finite common first

moment E[Xi] = µ and E [Xi] = µ for each i ≥ 1. Moreover, for any ε > 0,

lim
n→∞

1

n

n∑
i=1

E
[
|Xi|I{|Xi|>nε}

]
= 0. (12)

Then for any monotone function ϕ ∈ C2
b (R), we have

(I)

lim
n→∞

inf
µ≤yi≤µ

n∑
i=1

sup
x∈R

{
E
[
ϕ

(
x +

Xi − yi
n

)]
− ϕ(x)

}
= 0;

(II)

lim
n→∞

inf
µ≤yi≤µ

n∑
i=1

inf
x∈R

{
E
[
ϕ

(
x +

Xi − yi
n

)]
− ϕ(x)

}
= 0.
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26. Law of iterated logarithm for sub-linear expecta-
tions

THEOREM 9 {Xn} bounded IID. E[X1] = E [X1] = 0, σ2 := E[X2
1 ], σ2 := E [X2

1 ].

Let Sn :=
∑n

i=1Xi, an :=
√

2n lg lg n, then

(I)

v

(
σ ≤ lim sup

n

Sn
an
≤ σ

)
= 1;

(II)

v

(
−σ ≤ lim inf

n

Sn
an
≤ −σ

)
= 1.

(III) Suppose that C({xn}) is the cluster set of a sequence of {xn} in R, then

v
(
C({Sn/

√
2nloglogn}) ⊃ (−σ, σ)

)
= 1.
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27. Remarks

Probability theory was motivated by issues related to games of chance ( Pascal, Fermat,
Huygens, DeMoivre, Laplace). Main Driving Force: The world is deterministic, but be-
cause of ignorance, probability theory is necessary(Alain BENSOUSSAN, 2014).
”By ‘uncertain’ knowledge, let me explain, I do not mean merely to distinguish what is
known for certain from what is only probable. The game of roulette is not subject, in this
sense, to uncertainty...The sense in which I am using the term is that in which the prospect
of a European war is uncertain, or the price of copper and the rate of interest twenty years
hence...About these matters there is no scientific basis on which to form any calculable
probability whatever. We simply do not know.” – Keynes (1937, QJE, pp. 213-214)"

(Ω,F , P ), P ´®��§,
§y¢¥P ��´Ø(½�"
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28. Application

Chung(1948)(Maximum partial sums), Strassen(1964)(Invariance principle):

{Xi} IID , Sn :=
∑n

i=1Xi, EX1 = 0, EX2
1 = 1, then

P

(
lim sup
n→∞

1√
(2n3 log log n)

Σn
i=1|Si| =

1√
3

)
= 1.

P

(
lim sup
n→∞

1

n2(2 log log n)
Σn
i=1|Si|2 =

4

π2

)
= 1.

Theorem: {Xi} IID, EX1 = µ, E [X1] = µ, E|X1|1+α <∞, then

V

(
lim sup
n→∞

1

n2
Σn
i=1|Si − i

µ + µ

2
| =

µ− µ
2
√

3

)
= 1.

V

(
lim sup
n→∞

1

n3
Σn
i=1|Si − i

µ + µ

2
|2 =

(µ− µ)2

π2

)
= 1.
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29. Application2: Urn Models

n urns, urn i contains total Ni balls with Black,Red, Yellow (Black + Red + Yellow

= Ni)

Suppose Black = Red, Yellow ∈ [3Ni
10 ,

4Ni
10 ], then PY ∈ [3/10, 4/10].

a ball is drawn randomly from each urn,

Xi = 1, if ball is black,

Xi = 0, if ball is Yellow,

Xi = −1 for red.

Sn =
∑n

i=1Xi, is the excess frequency of black than Red

Then

(a) E[Xi] = E [Xi] = 0

(b) √
6/10 ≤ lim sup

n→∞

Sn√
2n lg lg n

≤
√

8/10.

−
√

8/10 ≤ lim inf
n→∞

Sn√
2n lg lg n

≤ −
√

6/10.
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30. Application in finance

In incomplete markets, there exists a set P of probability measures, such that

the super-sub-hedging price of option ξ at strike date T are given by µ :=

infQ∈P EQ[ξ], µ := supQ∈P EQ[ξ].

then

(1)

µ ≤ lim infn→∞Sn(ω)/n ≤ lim supn→∞Sn/n(ω) ≤ µ

(2)

lim supn→∞Sn(ω)/n = µ, V,

lim infn→∞Sn(ω)/n = µ, V
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31. Application in The Mertens conjecture

Let µ(n) denote the Möbius function, such that

µ(n) = 1, if n is a square-free integer with an even unmber of primce factors

µ(n) = 0, if n is not square-free

µ(n) = −1, if n is a square-free integer with an odd unmber of primce factors and

let

M(x) =
∑
n≤x

µ(n)

Merten conjectured (1890’s),

M(x) ≤
√
x, for all sufficently largex.

1985, Odlyzko gave the disproof of the conjecture in numerical method and show

that

lim sup
x→∞

M(x)√
x
≥ 1.06
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Odlyzko also proposed another conjecture

lim sup
x→∞

M(x)√
x

=∞.

But the conjecture remains unproved. (the conjecture is ”very probable”.)

Good and Churchouse(1968) conjectured

lim sup
x→∞

M(x)√
x lg lg x

=

√
12

π
.

under the assumption that µ(n) IID with P (µ(n) = 1) = P (µ(n) = −1) = 3
π2
.

It seems very probable that Good and Churchouse is false. 4cm
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Thank you !
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